Magnetic interactions are widely believed to play a crucial role in the microscopic mechanism leading to high critical temperature superconductivity. It is therefore important to study the signatures of pairing in the magnetic excitation spectrum of simple models known to show unconventional superconducting tendencies. Using the Density Matrix Renormalization Group technique, we calculate the dynamical spin structure factor S(k, ω) of a generalized t − U − J Hubbard model away from half-filling in a two-leg ladder geometry. The addition of J enhances pairing tendencies. We analyze quantitatively the signatures of pairing in the magnetic excitation spectra. We found that the superconducting pair-correlation strength, that can be estimated independently from ground state properties, is closely correlated with the integrated low-energy magnetic spectral weight in the vicinity of (π, π). In this wavevector region, robust spin incommensurate features develop with increasing doping. The branch of the spectrum with rung direction wavevector krung = 0 does not change substantially with doping where pairing dominates, and thus plays a minor role. We discuss the implications of our results for neutron scattering experiments, where the spin excitation dynamics of hole-doped quasi-one dimensional magnetic materials can be measured, and also address implications for recent resonant inelastic X-ray scattering experiments.
I. INTRODUCTION
Magnetism is believed to play a key role in the pairing mechanism leading to high critical temperature superconductivity [1] [2] [3] [4] [5] . In several materials, the neutron scattering technique is a powerful tool to study magnetic excitations because it can help to identify both their energy and momentum dependence over the entire Brillouin zone. For a wide range of high critical temperature superconductors, including cuprates [6] and pnictides [7] [8] [9] , an interesting feature of the magnetic excitation spectrum in the superconducting phase is the presence of a resonance peak at a particular wave-vector transfer. In addition, in some cuprates spin incommensurate peaks that develop upon doping have been associated with the presence of stripes [10] . In general, a key challenge in the field of high-T c superconductivity is to distinguish between universal and nonuniversal properties. In the cuprates, understanding the relationship between the magnetic resonance peak and superconductivity is made difficult by the occurrence of charge stripes and the pseudogap phase. Recent experiments have mapped out the spin excitations in various cuprate families over a large range of energies [11] [12] [13] [14] [15] , pointing toward a universal spin excitation spectrum [16] characterized by an "hour-glass" shape with a high-intensity peak at wave vector (π, π), and both downward and upward dispersing branches of excitations resembling spin incommensurate features.
In early studies of iron-based superconductors a simple picture dominated [7, 8, 17, 18 ] mostly due to their more itinerant nature. The continuum of magnetic excitations is gapped in the superconducting state, and the magnetic resonance occurs at an energy below the gap, because of the unconventional symmetry of the superconducting order parameter, and the residual interaction between the quasiparticles that shifts the pole in the total susceptibility to lower energies [17] . Even if in most iron-based superconductors the magnetic resonance has been observed at commensurate wave vectors, recent studies have shown that in doped compounds the resonance could be found at incommensurate wave-vector transfers [19] . However, note that the most recent developments in the field or iron-based superconductors have revisited the weak coupling approximation and Fermi surface nesting rationale [5] . For example there are superconducting compounds that only have electron pockets at the Fermi level [20] . In fact, evidence is accumulating that pnictides and chalcogenides are in the difficult intermediate coupling regime where neither a fully itinerant nor a fully localized picture is valid.
To better guide experiments, it is therefore of considerable importance to investigate theoretically the magnetic excitations spectra of model Hamiltonians that present unconventional superconducting tendencies in their ground states. However, this task is technically formidable. In layered geometries, there are no reliable computational techniques to address the ground state properties of the system doped away from half-filling at the low temperatures characteristic of superconductivity. For example, Quantum Monte Carlo techniques suffer from sign problems. In addition, the study of dynamical magnetic spectral functions, such as S(k, ω), are also challenging due to the limitations of Maximum Entropy procedures.
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For all these reasons, it is imperative to find a simple example where computational techniques allow for the simultaneous and accurate calculation of both ground state pairing properties as well as dynamical spectral functions. In this publication, we provide the first steps in this direction by carefully analyzing the Hubbard model defined on a two-leg ladder, supplemented by a superexchange J to boost further the pairing tendencies, using the Density Matrix Renormalization Group (DMRG) technique [21] , both addressing the ground state as well as its dynamical properties. Our main challenge is: can we identify features in the dynamical spin-structurefactor that appear proportional to the pairing strength? In this work, we will show that in the case of two-leg ladders ground state pairing properties are correlated with the low-energy spin excitations spectral weight of the system close to the magnetic wave-vector transfer (π, π).
In the 90's, model Hamiltonian studies of copperoxide two-leg ladders were fruitful in elucidating several physical properties of their two dimensional counterparts [22, 23] . Experimentally, the intrinsically doped Sr 2 Ca 12 Cu 24 O 41+δ two-leg ladder material was found to become superconducting under pressure [24] , establishing a strong link between two-leg ladders and layer-based cuprates. Indeed, in striking similarity with the underdoped two-dimensional cuprates, the doped t − J and Hubbard ladders show superconducting tendencies, as described in [22, 23, [25] [26] [27] [28] [29] . Recently, the authors of [30] have revisited the crucial question of which is the dominating instability in doped Hubbard ladders employing state-of-the-art computational procedures, concluding in favor of pairing in the limit of small doping.
The study of the dynamical magnetic properties of superconducting ladders have received less attention. In [31] , the dynamical spin structure factor of doped twoleg t−J ladders were studied, concluding that a hole pairmagnon bound-state evolves into a magnetic resonant excitation at finite hole doping. That study was performed with Lanczos exact diagonalization on L = 12×2 clusters. Ring exchange terms were proven to be important to understand the spin dynamics of insulating cuprate materials [32] [33] [34] . With this motivation, in [35] the dynamical spin spectrum of doped t − J ladders with ring exchange interactions were studied as well. Recently, an analytical low-energy effective field theory description of the doped Hubbard two-leg ladder model also reported [36] an incommensurate coherent mode near (π, π).
The present work aims to fill the gaps in the above mentioned literature by investigating in detail the dynamical spin spectrum of a generalized t − U − J model using the DMRG method. In this regard, it was argued that in a pure Hubbard model the exchange correlation strength is constrained by the local Coulomb repulsion to be proportional to J ∼ t 2 /U , and pairing tendencies are difficult to observe due to the competition with other phases (CDW or stripe-like phases). If the pairing correlation strength is linked to the effective exchange interaction strength, this would tend to zero in the limit of infinite Coulomb repulsion. For this reason, it was proposed [37] [38] [39] [40] that a more realistic model of the cuprates is given by a generalized t − U − J model, because this model allows for an exchange magnetic interaction J that is independent of U .
In a two-leg ladder geometry-the main focus of this paper-previous efforts found [37] that pairing tendencies are enhanced as "extra" superexchange interactions J are added to the Hubbard model. While the pairing tendencies in the ground state after introducing J have been studied [37, 41, 42] , the computation of the magnetic excitation spectrum of the t − U − J model has not been reported until now.
The main aim of this paper is the following. We wish to analyze whether the magnetic spectrum of two-leg ladders displays features that are correlated with the pairing tendencies known to be present in the ground state. In other words, we wish to establish a correspondence between pairing properties, directly measured in the ground state, with properties of the magnetic spectrum that can be measured via neutron scattering experiments. Our main conclusion is that varying hole doping, the lowenergy integral of the magnetic spectral weight in the vicinity of (π, π) correlates qualitatively with the pairing correlation strength deduced from pair-pair correlations in the ground state. We also observed that the portion of the magnetic spectrum related with wavevector 0 along the rung direction, as opposed to π, does not seem related to pairing.
Our results have implications not only for neutron scattering but also for resonant inelastic X-ray scattering (RIXS) experiments. Indeed, RIXS has recently emerged as a complementary tool to neutron scattering to study the magnetic excitations of strongly correlated materials [43] . In particular, recent RIXS investigations of La 2−x Sr x CuO 4 (LSCO) have reported the persistence of high energy magnetic excitations from the underdoped up to the highly overdoped regime where superconductivity disappears [44] [45] [46] , raising questions about the role of these excitations in the pairing mechanism for cuprates. In contrast, neutron scattering experiments have shown that low energy magnetic excitations around the antiferromagnetic zone center "disappear" with sufficient hole doping [47] . These contrasting results have been reconciled theoretically in [48] , confirming the persistence of high energy magnetic excitations along the antiferromagnetic zone boundary while pointing to the important role of magnetic excitations around the antiferromagnetic zone center (π, π) in the pairing mechanism. Recently, another theoretical investigation [49] of the twodimensional Hubbard model employing Quantum Monte Carlo and Maximum Entropy techniques varying doping has confirmed that high energy magnetic excitations are marginal to the pairing mechanism, while the main reason for the reduction of the pairing strength (and of the superconducting transition temperature T c ) is related with the redistribution of spectral weight at wave-vector momentum transfers not accessible to RIXS experiments.
In [50] , RIXS and neutron scattering measurements of the same LSCO sample demonstrated that the two techniques can probe magnetic excitations in complementary regions of the Brillouin zone, showing that the contrast between the results obtained with the two approaches could be solved also experimentally in the future.
This work is organized as follows. Section II introduces the t − U − J model, and briefly reviews its known limiting cases: the Hubbard and t − J models. Section III contains the main results. In sections III.A and III.B we present the ground state properties and the magnetic excitation spectrum of a t − U − J ladder at fixed realistic hole doping and Coulomb repulsion, changing the magnetic exchange interaction J. Section III.C explores the properties of the magnetic excitations at the same doping but now as a function of local Coulomb repulsion U , at J = 0.0. Section III.D contains our main results, namely the dependence of the magnetic excitation spectrum as a function of the hole doping, and its correlation with ground state pairing properties. In Section IV we provide our conclusions.
II. GENERALIZED HUBBARD MODEL
The Hamiltonian of the generalized t − U − J model defined on a two-leg ladder geometry is
where c † i,γ,σ (c i,γ,σ ) creates (destroys) an electron at leg γ = 0, 1 on site i = 0, L/2 − 1 and spin σ =↑, ↓. n i,γ and S i,γ represent the electronic occupation operator (summed over spins) and spin operators on site i and leg γ. Following standard notation, t x and t y represent the hopping parameters in the x (along the leg) and y (along the rung) direction of the ladder. For simplicity, in most figures the y direction wavevector will be explicitly indicated as k rung while the x direction wavector will be denoted as k. J x and J y are the exchange interactions along the leg and rung directions, respectively. U is the local Hubbard on-site Coulomb repulsion strength. We consider t x = t y = 1 as unit of energy, and J x = J y = J for the exchange interaction. The model above reduces to the standard Hubbard model for J = 0, and to the standard t − J model for U → ∞, as double electronic occupation is forbidden in this limit.
Let us recall the basic properties of the standard Hubbard ladder, recovered from Eq. (1) in the J = 0 limit. In the symmetric t x = t y and non-interacting U = 0 case, both bonding (+) and antibonding bands (−), ± = −2(cos(k x )∓1), are filled up by electrons if the electronic density n = N el /L is larger than quarter-filling, n = 0.5, where N el is the total number of electrons and L the total number of sites, L/2 for each leg. Only the case of n ≥ 0.50 will be considered in this paper. When n ≥ 0.50, there are then four Fermi points: ±k F+ for the bonding and ±k F− for the anti-bonding bands. At generic filling n, k F+ + k F− = πn. At half-filling and U > 0 the Hubbard ladder has both a charge and spin gap. Away from half-filling, the charge gap disappears, while the spin gap decreases remaining finite up to large finite doping [51] [52] [53] [54] . Moreover, the system presents power law d x 2 −y 2 −like pair-field correlations [30, 55] .
The t − J model on ladders has been thoroughly studied in the cuprates literature [22, 23, 25] . In the undoped limit, it has been well established that the t − J model has a spin gap due to the particular ladder geometry which favors the spin singlet formation along rungs, and the physics can be well described in terms of the Heisenberg ladder model. Upon doping, superconducting tendencies develop [22, [25] [26] [27] [28] [29] . The physics of t − J (and Hubbard) two-leg ladders has been studied with many techniques ranging from Exact Diagonalization to DMRG to bosonization [56] . Away from half-filling, the spin gap and superconducting binding energy of hole pairs was studied in [57] showing that they can be maximized by tuning the anisotropic ratios to t y /t x 1.25 and J y /J x 1.56. In general, and important for the goals of our present publication, in [58] it was explained that neutron scattering data could provide important evidence for the pairing mechanism based on the exchange interaction J. For this reason we aim to study in parallel the pairing ground state properties of ladders introducing doping, as well as the inelastic neutron scattering spectrum S(k, ω) under similar circumstances and analyze whether correlations among them can be established.
The DMRG correction-vector method has been used throughout this paper [59] . Within the correction vector approach, we use the Krylov decomposition [60] instead of the conjugate gradient. An application of the method to Heisenberg and Hubbard ladders at half-filling can be found in [61] . In this work, a L = 48 × 2 ladder has been simulated, using m = 1000 DMRG states with a truncation error kept below 10 −5 . The spectral broadening in the correction-vector approach has been considered fixed at η = 0.08t. The DMRG implementation used throughout this paper has been discussed in detail in [61] ; technical details are in the Supplemental Material [62].
III. RESULTS

A. Enhancement of pairing tendencies by J
We begin by studying the ground state properties of a L = 48 × 2 ladder at a fixed doping n = 0.875 = 84/96. This filling was chosen because it has been widely used to study pairing tendencies on ladders, such as in [37] , and because the spectrum features to be described below are sharp and clearly visible. Thus n = 0.875 is an ideal doping for a preliminary understanding of the dynamical structure factor. We have checked that our results are in agreement with an early study of the same model [37] for a shorter system size, L = 32 × 2. Figure 1 
We have a rung-singlet pair correlation P (d) when O = ∆ i , with the operator ∆ † i defined as
For the rung spin correlations we have used O i = γ=0,1 S i,γ , while for the rung density correlation N (d) we employedÔ i = γ=0,1 n i,γ . Our results in Fig. 1(a-b-c) confirm that the "extra" exchange interaction J increases the strength of the pairing, and induces a slower decay of the rung-singlet pair correlation function as compared with the case J = 0. Moreover, Figure 1 shows also that the rung density and rung spin correlation functions have a faster decay than the pair correlations. We can therefore conclude that the increase of the magnetic exchange interaction J increases pairing to a point where it dominates. This is also shown in Fig. 1(d) where the pairing correlation strength is estimated by evaluating the quantityD = 12 i=6 P (i) (note that 6 and 12 are arbitrary lower and upper bounds in the sum but we have observed that qualitatively the results are similar modifying those limits: choosing 6, as opposed to e.g. 1, reduces artificial short-distance effects while 12, as opposed to e.g. 24, reduces edge effects). In factD increases approximately linearly as a function of J. Our results are also in agreement with [30] , where a careful size scaling analysis of the correlation function was performed on a doped Hubbard ladder, concluding that superconducting correlations are dominant in the regime that we also investigate in this work.
B. Magnetic excitations at fixed hole doping changing J Figure 2 shows the dynamical spin structure factor of the ladder changing the value of the exchange interaction J for the same parameters investigated above. Figures 2(a) and (d) show the magnetic excitation spectrum for a doped Hubbard ladder at J = 0.0. In the k rung = 0 component (a), an umbrella-like shape manifold of excitations appears above a robust gap, for the value of doping chosen. As the exchange magnetic interaction J increases, one can observe that the region of depleted weight at k rung = 0 also increases and the entire spectrum is pushed up in energy, but the shape of the dispersion of the low-energy excitation band does not change qualitatively with J. However, the amplitude of the low energy sinusoidal oscillations in the magnetic dispersion are damped by the extra magnetic exchange interactions.
In the k rung = π component of the magnetic spectrum Fig. 2(d) , most of the spectral weight is concentrated at the incommensurate wave-vector k x πn (with the companion peak at 2π − πn; x is the leg direction) as it can also be observed in the static structure factor (not shown). These sharp peaks do not seem to be separated in energy from the rest of the spectrum at higher energy, at least within the resolution of our study. Indeed, our data does not contain features that could be associated with a bound state magnetic excitation distinctly separated below a continuum of excitations at this holedoping density, and we have also verified this observation for a shorter system size, L = 32 × 2. Namely, we cannot distinguish a clear "resonance" feature in the spin excitations even though ground state measurements indicate that pairing tendencies are dominant. However, although the subtle issue of the existence of a resonance merits further elaboration, our focus in the rest of the manuscript is quite different, as explained below. Figure 2(d) suggests that at J = 0.0 from each sharp low-energy peak a linear branch of higher energy excitations with smaller spectral weight develops, with reflection symmetry with respect to k x = π. Another visible broad band of excitations occurs at high energy around ω/t 0.5, with a central peak around k x = π.
These k rung = π spectral features described above are enhanced and clarified when "extra" exchange interactions are introduced compared to the pure Hubbard model obtained for J = 0.0. With increasing J the spin gap of the incommensurate spin excitations increases, while their intensity remains approximately the same with increasing J. This is interesting because J increases the pairing tendencies in the ground state. Moreover, we observe that by increasing J, spectral weight leaks to the triangle-shape area between the incommensurate peaks and the higher energy peak at (π, π) which occurs around ω 0.9 for J = 0.5. As we will explain in section III.D, we will use the low energy spectral weight around (π, π) as a measure of the pairing correlation strength in the system and we will find that it increases with J. As the exchange magnetic interactions are increased, the W -shaped energy spectral feature observed in the k rung = π component of the magnetic excitation spectrum at ω/t 0.5 for J = 0.0 is pushed at higher energies, with two long V -shape spectral bands developing, starting from the incommensurate low energy peaks. These two spectral features intersect at (π, π) at higher energy transfer which increases with J. We can summarize the results of this section by stating that the "extra" exchange interaction J mainly shifts the magnetic spectrum to higher energies, maintaining the dispersive features of the magnetic excitations qualitatively unchanged.
C. Magnetic excitations at fixed hole doping changing U
In this section, we study the magnetic excitation spectrum of the doped ladder (n = 0.875) at J = 0.0 for different values of the on-site Hubbard repulsion U . By studying the ground state rung-singlet pair correlations, we have found that the pairing correlation strength increases with U starting from U = 0.0, it reaches a broad maximum in the range U ∼ 4 − 6, and eventually decreases as U is further increased. Analogously, we have found that also the spin gap has a similar behavior, reaching a maximum for U ∼ 4 − 6 as in the case of halffilling [37, 61] . These results agree with those reported in [37] , supporting the notion that Hubbard on-site repulsion reduces charge and spin fluctuations such that pairing dominates at intermediate U , while for very large U spin fluctuations will eventually dominate over pairing. Figure 3 shows the dynamical spin structure factor of our doped ladder changing the value of U at J = 0.0. Panels (a,b,c) of Fig. 3 display the k rung = 0 component of the magnetic excitation spectrum. At U = 2.0 the results are still similar to the noninteracting limit. At U = 6.0 and beyond, there is a gap at low energy that closes with increasing U , keeping approximately the overall shape of the spectrum. There are no dominant coherent peaks. The sinusoidal oscillations of the lower energy magnetic excitations are damped as U increases. Overall, similarly as in the previous analysis varying J, the k rung = 0 portion of the spectrum contains broad features but not much coherence. Figures 3(d-e-f) show the k rung = π component of the magnetic excitation spectrum for the same parameter values investigated above. A spectral redistribution from high energy to low energy is observed, as in the k rung = 0 component of the spectrum. In [61] , where the crossover Hubbard-to-Heisenberg behavior in the halffilled case was carefully studied, a similar spectral weight redistribution was observed. At U = 2.0 the results resemble the non-interacting case with very low weight in the energy range studied. As U increases, sharp incommensurate peaks develop at low energies (note the change in the intensity convention between left and right panels), similarly as when J was varied before at fixed U = 6.0.
We can summarize the results of this subsection by stating that increasing from zero the on-site Hubbard repulsion, the spectral weight much increases at intermediate-low energies in both branches. The k rung = 0 component remains disorganized varying U , but the k rung = π component develops coherent sharp peaks at low energies that likely dominate the physics related with the interaction between the charge and spin degrees of freedom.
D. Magnetic excitations as a function of hole doping
This section investigates the properties of the magnetic excitation spectrum for our t − U − J ladder now as a function of hole doping, at a fixed value of the Coulomb interaction U = 6.0, and attempts to correlate some of its features with the pairing strength in the ground state. is nearly constant, which is somewhat surprising: intuitively a monotonous decrease ofD from the peak near half-filling towards the near zero value at quarter-filling would have been more natural. This anomalous behavior will be addressed in future investigations. However, our focus in the rest of the publication will be on the more robust and stable feature related with the clear dominant peak near half-filling and its correlation with magnetism.
Magnetic spectrum varying n
To study whether there are signatures of the pairing tendencies unveiled above in the magnetic excitation spectrum, Fig. 5 and Fig. 6 show the k rung = 0 and k rung = π components of the dynamical spin structure factor at J = 0.0, respectively, for similar values of electron fillings as investigated above for pairing. shows that by decreasing the electronic filling, the k rung = 0 component of the magnetic excitation spectrum maintains qualitatively its structure in the interval of fillings 1 < n < 0.8333. Our results are consistent with recent studies of the magnetic spectrum of the two-dimensional Hubbard model varying doping [49] , where it was observed that the dispersion of the magnetic excitations along the line (0, 0) − (π, 0) in the Brillouin zone does not change much with hole doping, while at the same time the pairing correlation strength was found to be reduced. Similarly, our results also indicate that the k rung = 0 branch of the ladder spectrum does not seem correlated with pairing either.
At n = 0.75 and lower densities, a low-intensity lowenergy feature at the leg wavevector k = π develops. This feature resembles results found already in the noninteracting limit U = 0.0 at these densities indicating that this portion of the magnetic spectrum represents quasi non-interacting electrons. Figure 6 shows that the k rung = π component contains much more of the total spectral weight of the magnetic excitations. In particular, we can observe at half-filling (panel (a)) the typical V -shape-like of the magnetic excitation dispersion which is characteristic of the Heisenberg counterpart [61] where the spectral weight is mainly concentrated at the scattering wave-vector (π, π). In this case, the Fermi momentum k F = πn is equal to π at half-filling (U = 6.0 is strong and it is mainly accidental that such a weak coupling based on the Fermi momentum perspective is still valid). Upon decreasing the electronic filling, the magnetic excitation peak at (π, π) splits in two incommensurate peaks as observed also in the previous sections at n = 0.875, with separation in momentum transfer proportional to the electronic filling itself, 2k F = 2πn. At the same time, it is evident that the spectral weight redistributes at smaller momentum transfers, so that overall the scattering region in the interval (π/2, 3π/2) around (π, π) becomes depleted in spectral weight by hole doping. Although it can be barely noticed in the scale used, we found that the spin gap that characterizes ladders at half-filling is monotonically reduced with hole doping (the wavevector position that characterizes the spin gap is that of the incommensurate features, when at finite doping). The fine details of how this occurs are not important because it will be discussed below that the integral of the spectral weight near (π, π) is what correlates with the ground state pairing properties. Finally, at n = 0.5 we observe that the spectral weight is mostly concentrated at (0, π), with highly dispersive spectral bands appearing in the intervals (0, π/2) and (3π/2, 2π).
Considering that J increases the tendencies to superconduct, it is also interesting to analyze the magnetic spectral properties at, e.g., J = 0.25. The results are in Figs. 7 and 8. For the k rung = 0 branch, the shape of the dominant features is approximately the same as for J = 0.0. As expected from previous analysis, overall there is a shift to higher energies of the spectrum. Similar conclusions were reached for the k rung = π branch: clearly the dominant features qualitatively are the same varying J. However, overall the intensity of the low energy excitations increases with increasing J. Thus, the low-energy intensity near (π, π) is the property that ap-pears the closest related to pairing. We can partially summarize these results by stating that the magnetic excitations dispersion along the line (0, 0)−(π, 0) in the Brillouin zone do not change substantially against hole doping. On the other hand, the pairing correlation strength rapidly increases starting from halffilling n = 1.0, reaching a maximum around n 0.9 and then further decreasing by hole doping. At the same time, a significant spectral weight redistribution away from the (π, π) wavevector, characteristic of the half-filled case, is observed as a function of hole-doping, with the overall intensity decreasing with doping. It seems that pairing and the overall weight near (π, π) are correlated.
To better characterize quantitatively this spectral weight redistribution, we have evaluated the integrated low-energy spin spectral weight around the wave-vector transfer (π, π) as a function of hole doping (see Fig. 9 ). In particular, we have integrated the dynamical spin structure factor in the following rectangular region k x ∈ [k F , π], ω ∈ [0, ∆ S ], where ∆ S is the spin gap at halffilling (in practice ∆ S is 0.125, 0.25 and 0.375, at J = 0.0, 0.25, and 0.50, respectively), defining:
By construction, the quantity above is zero at half-filling, because there is no weight below the spin gap plus in this case k F reaches π. This corresponds to the intuitive notion that, even if the binding energy for hole-pairs is finite in the half-filled case indicating hole pair tendencies, if there are no holes in the system then there are no carriers that can generate robust pair-pair correlation functions. Only if there is a finite concentration of holes, the magnetic mechanism can bind holes leading to a superconducting phase. Thus, the quantity defined above is qualitatively consistent with expectations for pairing in a doped magnetic system. By hole doping, spin spectral weight is progressively transferred to the domain region of integration (which increases as n decreases from 1) as a consequence of the commensurate-to-incommensurate effect observed, e.g., moving from n = 1 to n = 0.9583 in panels (a-b) of Fig. 6 . The results in Fig. 9 show that the low-energy spin spectral weight reaches a maximum at n 0.925 for J = 0.0, while the dominant peak slightly shifts to lower values as one increases the magnetic exchange interactions:D S peaks at n 0.9 for J = 0.25 and at n 0.875 for J = 0.50. For larger hole dopings,D S decreases reaching is minimum for n = 0.5.
Results in Fig. 9 clearly display similarities with the pairing strength studied in Fig. 4(b) suggesting that the quantityD S can be qualitatively used as a measure of the pairing strength and it can be extracted experimentally from the magnetic excitation spectra. Even the anomalous pairing-related "bump" at n = 0.5833 in Fig. 4 (b) also appears as a mild feature in Fig. 9 . These similarities should not be underestimated: Fig. 9 was obtained totally from magnetism, and independently of any pairing measurement in the ground state.
IV. SUMMARY AND CONCLUSIONS
In this publication, we have studied the pairing properties and magnetic excitation spectra of a generalized Hubbard model (t − U − J model) on a ladder geometry. We have analyzed the behavior of the system by changing the magnetic exchange interaction J, the onsite Hubbard repulsion U , and the electronic filling n.
With regards to ground state properties, our analysis confirms that the dominance of pairing correlations increases as the strength of the superexchange interaction J increases. For the case of J = 0.0, pairing is optimized for a Hubbard repulsion U = 6.0 at the widely used electronic filling n = 0.875. Moreover, the pairing correlations strength has an "asymmetric superconducting dome" shape with a broad maximum around 5 − 10% hole doping, remaining robust over a wide range of hole densities until it becomes negligible at 50% doping.
We have focused on providing a detailed analysis of the magnetic excitation spectrum and we searched for connections with the pairing properties of the doped ground state. With regards to the addition of the "extra" exchange interaction J, this new term mainly shifts the magnetic spectrum to higher energies, but qualitatively keeps unchanged the shape of the dispersive features. Interestingly, we noticed that by increasing J spectral weight increases in the low energy region region around (π, π). Analogously, by increasing the on-site Hubbard repulsion, the spectral weight redistributes from high to intermediate-low energies, mantaining approximately the shape of the main features.
More importantly, we have studied the properties of the dynamical spin structure factor as a function of hole doping. The results indicate that the magnetic excitations dispersion along the line (0, 0) − (π, 0) in the Brillouin zone, namely in the k rung = 0 branch of the spectrum, do not change much varying hole doping in the interval 1 < n < 0.8333. On the other hand, the pairing correlation strength rapidly increases with doping starting from a very small value at half-filling n = 1, reaching a maximum around n 0.9, and then further decreasing by hole doping to a negligible value again at n ∼ 0.5.
At the same time, in the k rung = π branch of the spectrum, a significant spectral weight redistribution away from the (π, π) wave-vector transfer, characteristic of the half-filled case, is observed as a function of hole-doping. Low energy spin incommensurate features develop. Our results suggest that the vicinity of (π, π) is the portion of the spectrum that is related the most with hole pairing, in agreement with a recent Quantum Monte Carlo study supplemented by Maximum Entropy techniques of the two dimensional Hubbard model [49] .
Even though obtained on ladders, our results are consistent with the general picture that emerged from recent RIXS and neutron scattering experiments on twodimensional cuprates, highlighting again the similarity of the physics of ladders and two-dimensional systems. Indeed, recent RIXS investigations of LSCO [44] [45] [46] have found the persistence of high energy magnetic excitations at the antiferromagnetic zone boundary from the underdoped up to the highly overdoped regime where superconductivity disappears. At the same time, neutron scattering experiments have shown that low energy magnetic excitations around the antiferromagnetic zone center are much reduced with doping [47] . In this work we find that, even for ladders, high energy magnetic excitations along the k rung = 0 branch do not change much up to large hole dopings, therefore appearing marginal to the pairing mechanism, while the main reason for the reduction of the pairing strength needs to be researched in the spectral weight at low energies around the antiferromagnetic zone center (π, π).
In order to characterize quantitatively this spectral weight redistribution, we have evaluated the integrated low-energy spin spectral weight around the wave-vector transfer (π, π) as a function of hole doping (see Fig. 9 and Eq. 4). The qualitative similarity of the results shown in Fig. 9 with the pairing strength extracted from a ground state analysis (Fig. 4(b) ) suggest that the pairing correlation strengthD S could be extracted experimentally directly from the magnetic excitation spectra. A recent neutron scattering study [63] of the spin gap evolution upon doping in the spin-ladder compound Sr 14−x Ca x Cu 24 O 41 has shown progress in the possibility of measuring the full spectrum response of strongly correlated ladders by changing the hole dopings. We urge neutron scattering experts to carry out inelastic neutron scattering experiments on ladder materials over a wide range of doping to test our theoretical predictions. Because of the clear similarities between cuprate ladders and layers, our conclusions can tentatively be extended to two-dimensional systems as well. sion. N.P. was supported by the National Science Foundation Grant No. DMR-1404375. The work of G.A. was conducted at the Center for Nanophase Materials Science, sponsored by the Scientic User Facilities Division, BES, DOE, under contract with UT-Battelle. Numerical simulations were performed at the Center for Nanophase Materials Sciences, which is a DOE Office of Science User Facility.
